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face heat ﬂux. Similarity transformations are used to convert the partial differential equations cor-
responding to the momentum and heat equations into highly non-linear ordinary differential
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coefﬁcient increases with increasing the permeability parameter as well as with the suction param-
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In last few decades, the study of ﬂow and heat transfer in por-
ous media has received much attention due to its ever increas-
ing applications in industries and in contemporary technology.
As in other porous media problems such as geo-mechanics and
insulation engineering, the convectional approach is to simu-
late the pressure drop across the porous regime using Darcy42 2657741; fax: +91 342
o.in (S. Mukhopadhyay).
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04linear model [1]. It is well known that porous materials can
be used to enhance the heat transfer rate from stretching sur-
faces [2]. Elbashbeshy and Bazid [3,4] analyzed respectively
the effects of variable-viscosity and internal heat generation/
absorption on ﬂow and heat transfer through a porous med-
ium over a stretching surface. An excellent literature review
on ﬂow through porous media can be found from Starov
and Zhdanov [5], Kaviany [6], Kiwan and Ali [7] and Tamayol
et al. [8].
The study of laminar ﬂow and heat transfer over a stretch-
ing sheet in a viscous ﬂuid is of considerable interest because of
its ever increasing industrial applications and important bear-
ings on several technological processes. The production of
sheeting material arises in a number of industrial manufactur-
ing processes and includes both metal and polymer sheets.
Crane [9] investigated the ﬂow caused by the stretching of a
sheet. Many researchers such as Gupta and Gupta [10], Dattaier B.V. All rights reserved.
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[9] by including the effect of heat and mass transfer analysis
under different physical situations. On the other hand, Gupta
and Gupta [13] stressed that realistically, stretching surface is
not necessarily continuous. Most of the available literature
deals with the study of boundary layer ﬂow over a stretching
surface where the velocity of the stretching surface is assumed
linearly proportional to the distance from the ﬁxed origin.
However, it is often argued that [13] realistically stretching
of plastic sheet may not necessarily be linear. This situation
was beautifully dealt by Kumaran and Ramanaiah [14] in their
work on boundary layer ﬂuid ﬂow where, probably ﬁrst time, a
general quadratic stretching sheet has been assumed. Recently,
various aspects of such problem have been investigated by
many authors such as Xu and Liao [15], Cortell [16,17], Hayat
et al. [18], and Hayat and Sajid [19].
Ali [20] has investigated the thermal boundary layer ﬂow by
considering the non-linear stretching surface. A few years later,
Magyari and Keller [21] also focused on heat and mass transfer
on boundary layer ﬂow due to an exponentially continuous
stretching sheet.
Extension to that, Elbashbeshy [22] added new dimension
to the study of Ali [20] on exponentially continuous stretching
surface. Vajravelu [23] and Vajravelu and Cannon [24] also
considered the ﬂow over a non-linear stretching sheet. Khan
[25] and Sanjayanand and Khan [26] studied the viscous–elas-
tic boundary layer ﬂow and heat transfer due to an exponen-
tially stretching sheet. Later, Sajid and Hayat [27] considered
the inﬂuence of thermal radiation on the boundary layer ﬂow
due to an exponentially stretching sheet by solving the problem
analytically via homotopy analysis method (HAM). Recently,
Bidin and Nazar [28] analyzed the effect of thermal radiation
on the steady laminar two-dimensional boundary layer ﬂow
and heat transfer over an exponentially stretching sheet, which
has been solved analytically by Sajid and Hayat [27]. On the
other hand, El-Aziz [29] investigated the mixed convection
ﬂow of micropolar ﬂuid past an exponentially stretching sheet.
Akyildiz et al. [30] considered the velocity u= cxn at y = 0,
which was employed for positive odd integer values of n. It
is clear that such a proﬁle would fail for even integer values
of n, as the ﬂow at y= 0 would be in the wrong direction in
the case of 1< x< 0 (see [31]). With the help of the mod-
iﬁcation provided in Van Gorder and Vajravelu [31], one can
account for any values of nP 1, even non-integers. Recently,
Ishak [32] discussed the combined effects of magnetic ﬁeld
and thermal radiation on ﬂow and heat transfer over an expo-
nentially stretching sheet.
Suction or injection (blowing) of a ﬂuid through the bound-
ing surface can signiﬁcantly change the ﬂow ﬁeld. In general,
suction tends to increase the skin friction whereas injection
acts in the opposite manner. Injection or withdrawal of ﬂuid
through a porous bounding wall is of general interest in prac-
tical problems involving boundary layer control applications
such as ﬁlm cooling, polymer ﬁber coating, coating of wires,
etc. The process of suction and blowing has also its importance
in many engineering activities such as in the design of thrust
bearing and radial diffusers, and thermal oil recovery. Suction
is applied to chemical processes to remove reactants. Blowing
is used to add reactants, cool the surface, prevent corrosion or
scaling and reduce the drag.
One of the important aspects in this study is the investiga-
tion of heat transfer processes. This is due to the fact that therate of cooling inﬂuences a lot to the quality of the product
with desired characteristics. Continuous surface heat transfer
problems have many practical applications in industrial man-
ufacturing processes. Such processes are hot rolling, wire
drawing and glass ﬁber production. Problems with variable
surface heat ﬂux has been introduced in many other studies
[33–36]. In modeling the boundary layer ﬂow and heat transfer
of these problems, the boundary conditions that are usually
applied are either a speciﬁed surface temperature or a speciﬁed
surface heat ﬂux.
The purpose of this present work is to extend the ﬂow and
heat transfer analysis in boundary layer over an exponentially
stretching sheet embedded in porous medium with variable
surface heat ﬂux. Using similarity transformations, a third or-
der ordinary differential equation corresponding to the
momentum equation and a second order differential equation
corresponding to the heat equation are derived. Numerical cal-
culations up to desired level of accuracy were carried out for
different values of dimensionless parameters of the problem
under consideration for the purpose of illustrating the results
graphically. The analysis of the results shown that the ﬂow
ﬁeld is inﬂuenced appreciably by the heat transfer parameter
in presence of suction or injection at the wall. Estimation of
skin friction which is very important from the industrial appli-
cation point of view is also presented in this analysis. It is ex-
pected that the results obtained will not only provide useful
information for applications, but also serve as a complement
to the previous studies.2. Equations of motion
Consider the ﬂow of an incompressible viscous ﬂuid past a
ﬂat sheet coinciding with the plane y= 0 in a porous med-
ium with a non-uniform permeability k. In this analysis of
the ﬂow in the porous medium, the differential equation
governing the ﬂuid motion is based on Darcy’s law, which
accounts for the drag exerted by the porous medium
[37,38]. In a ﬂuid ﬂow through porous medium, the pres-
sure drop caused by the frictional drag is directly propor-
tional to the velocity for low speed ﬂow. This is the
familiar Darcy’s law. At higher velocities, inertial effects be-
come appreciable, causing an increase in the form drag [39].
Here the effects of a solid boundary and the inertial effects
have been neglected. These effects become more signiﬁcant
near the boundary and in a media with high porosity
[40,41]. Moreover, in this analysis, the non-linear Forchhei-
mer term is neglected but the linear Darcy term describing
the distributed body force exerted by the porous medium is
retained. In this study Reynolds number was assumed to be
very small (typically < 10) [41,42] i.e. for very slow motion
in which viscous forces dominate and inertial forces are
therefore negligible.
It is assumed that the sheet is subjected to a variable heat
ﬂux (VHF) qw(x). The ﬂuid ﬂow is conﬁned to y> 0. Two
equal and opposite forces are applied along the x-axis so that
the wall is stretched keeping the origin ﬁxed. The effect of these
two equal and opposite forces cause a symmetric boundary at
the center (the origin as shown in Fig. 1) of the porous med-
ium. The continuity [6,28], momentum [6,16,39] and energy
[28,32] equations governing such type of ﬂow are written as
(with the application of Darcy’s law)
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Figure 1 Sketch of the physical problem.
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where u and t are the components of velocity respectively in
the x and y directions, m ¼ lq is the kinematic viscosity, q is
the ﬂuid density (assumed constant), l is the coefﬁcient of ﬂuid
viscosity, cp is the speciﬁc heat at constant pressure, j is the
thermal conductivity of the ﬂuid.
2.1. Boundary conditions
The appropriate boundary conditions for the problem are gi-
ven by
at y ¼ 0; u ¼ U; t ¼ VðxÞ; @T
@y
¼  qwðxÞ
j
; ð4Þ
as y!1; u! 0;T! 0: ð5Þ
Here U ¼ U0eNxL is the stretching velocity [21],
qwðxÞ ¼ qw0T0
ﬃﬃﬃﬃﬃ
U0
2mL
q
e
Nx
L is the variable surface heat ﬂux [43],
U0, T0, qw0 are the reference velocity, temperature and heat
ﬂux respectively, VðxÞ ¼ V0eNx2L , a special type of velocity at
the wall is considered [44] where V0 is a constant, V(x) > 0
is the velocity of suction and V(x) < 0 is the velocity of blow-
ing, k ¼ k0eNxL is the non-uniform permeability of the medium,
k0 is a constant which gives the initial permeability, N is the
exponential parameter.
However, for the sake of comparison, we shall also consider
the case of prescribed surface temperature (PST), T= Tw at
y= 0.
2.2. Method of solution
Introducing the similarity variables as
g ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
U0
2mL
r
e
Nx
2Ly; ð6aÞu ¼ U0eNxL f0ðgÞ; ð6bÞ
t ¼ N
ﬃﬃﬃﬃﬃﬃﬃﬃ
mU0
2L
r
e
Nx
2LffðgÞ þ gf0ðgÞg; ð6cÞ
T ¼ qw0
j
T0e
Nx
2LhðgÞ; ð6dÞ
and upon substitution of (6) in Eqs. (2) and (3) the governing
equations reduce to
f000 þNff00  2Nf02  k1f0 ¼ 0; ð7Þ
h00 þ PrðNfh0 Nf0hÞ ¼ 0; ð8Þ
and the boundary conditions take the following form:
at g ¼ 0; f0 ¼ 1; f ¼ S;h0 ¼ 1; ð9Þ
and as g!1; f0 ! 0; h! 0; ð10Þ
where the prime denotes differentiation with respect to
g; S ¼ V0ﬃﬃﬃﬃﬃ
U0m
2L
p > 0 (or < 0) is the suction (or blowing) parameter,
k1 ¼ 2mLk0U0 is the permeability parameter, Pr ¼
lcp
j is the Prandtl
number.
3. Numerical method
The above Eqs. (7) and (8) along with boundary conditions (9)
and (10) are solved by converting them to an initial value prob-
lem. We set
f0 ¼ z; z0 ¼ p; h0 ¼ q;
p0 ¼ ðk1zþ 2Nz2 NfpÞ;
ð11Þ
q0 ¼ PrðNzhNfqÞ; ð12Þ
with the boundary conditions
fð0Þ ¼ S;f0ð0Þ ¼ 1; h0ð0Þ ¼ 1: ð13Þ
In order to integrate (11) and (12) as an initial value problem
we require a value for p(0) i.e. f00(0) and h(0) but no such values
are given in the boundary. The most important factor of shoot-
ing method is to choose the appropriate ﬁnite values of g1. In
order to determine g1 for the boundary value problem stated
by Eqs. (11)–(13), we start with some initial guess value for
some particular set of physical parameters to obtain f00(0)
and h(0). The solution procedure is repeated with another large
value of g1 until two successive values of f00(0) and h(0) differ
only by the speciﬁed signiﬁcant digit. The last value of g1 is
ﬁnally chosen to be the most appropriate value of the limit
g1 for that particular set of parameters. The value of g1
may change for another set of physical parameters. Once the
ﬁnite value of g1 is determined then the integration is carried
out. We compare the calculated values for f0 and h at g= 10
(say) with the given boundary conditions f0(10) = 0 and
h(10) = 0 and adjust the estimated values, f00(0) and h(0), to
give a better approximation for the solution.
We take the series of values for f00(0) and h(0), and apply the
fourth order classical Runge–Kutta method with step-size
h= 0.01. The above procedure is repeated until we get the re-
sults up to the desired degree of accuracy, 105.
Table 1 Values of [h0(0)] (PST) for several values of Prandtl number.
Pr Magyari and Keller [21] Bidin and Nazar [28] El-Aziz [29] Ishak [32] Present study with N = 1, k1 = 0, S = 0
1 0.9548 0.9547 0.9548 0.9548 0.9547
2 1.4714 1.4715 1.4714
3 1.8691 1.8691 1.8691 1.8691 1.8691
5 2.5001 2.5001 2.5001 2.5001
10 3.6604 3.6604 3.6604 3.6603
0 1 2 3 4
0.0
0.2
0.4
0.6
0.8
1.0
f '(η)
η
N=1,2,3
k1=1,S=0
Figure 2a Variation of velocity f0(g) with g for several values of
exponential parameter N.
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Figure 2b Variation of temperature h(g) with g for several values
of exponential parameter N.
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Figure 3a Variation of velocity f0(g) with g for several values of
suction/blowing parameter S.
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Figure 3b Variation of temperature h(g) with g for several values
of suction/blowing parameter S.
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4.1. Validation of results
For the veriﬁcation of accuracy of the applied numerical
scheme, a comparison of the results obtained for prescribedsurface temperature instead of variable surface heat ﬂux is
made with the available results of Magyari and Keller [21], Bi-
din and Nazar [28], El-Aziz [29], and Ishak [32]. For this cal-
culation we consider the boundary conditions for
temperature as follows:
At y= 0, T= Tw and as yﬁ1, Tﬁ 0 where Tw ¼ T0eNx2L
is the temperature at the sheet.
3210
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N=1,S=0
Figure 4a Variation of velocity f0(g) with g for several values of
permeability parameter k1 in the absence of suction.
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Figure 4b Variation of temperature h(g) with g for several values
of permeability parameter k1 in the absence of suction.
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Figure 4c Variation of velocity f0(g) with g for several values of
permeability parameter k1 in presence of suction.
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Figure 4d Variation of temperature h(g) with g for several values
of permeability parameter k1 in presence of suction.
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At g ¼ 0; h ¼ 1 and as g!1; h! 0: ðPSTÞ
A comparison of the results for prescribed surface temper-
ature (PST) corresponding to the values of heat transfer coef-
ﬁcient [h0(0)] with N = 1 and for k1 = 0 and S = 0 (i.e. for
non-porous medium and in the absence of suction/blowing
at the boundary) with the available published results of Magy-
ari and Keller [21], Bidin and Nazar [28], El-Aziz [29] and
Ishak [32] (for some special cases) is made and presented in Ta-
ble 1. The results are found in excellent agreement.
4.2. Effects of different parameters on ﬂow, temperature ﬁelds
In order to analyze the results, numerical computations have
been carried out for variable surface heat ﬂux (VHF) using
the method described in the previous section for various values
of exponential parameter (N), suction/blowing parameter (S),permeability parameter (k1) and Prandtl number (Pr). For
illustrations of the results, numerical values are plotted in
Figs. 2a–6c.
Let us ﬁrst concentrate on the effects of exponential param-
eter N on velocity and temperature proﬁles in presence of suc-
tion at the wall.
Figs. 2a and 2b depict the effects of exponential parameter
N on velocity and temperature proﬁles with variable surface
heat ﬂux. Both velocity and temperature decrease with increas-
ing N due to decreasing nature of the momentum and thermal
boundary layer thickness with increasing N. It is interesting to
note from this ﬁgure that the wall temperature decreases
throughout in the boundary layer for positive values of N
(i.e. the heat transfer is directed from the wall to the ambient
ﬂuid).
Figs. 3a and 3b exhibit the effects of suction/blowing
parameter S on velocity and temperature proﬁles respectively
for exponentially stretching sheet. It is observed that velocity
0.0 0.2 0.4 0.6 0.8 1.0
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0.4
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0.7
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N=1,k1=1,S=1
Figure 5 Variation of temperature h(g) with g for several values
of Prandtl number Pr.
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Figure 6a Skin-friction coefﬁcient f00(0) against exponential
exponent N for three values of suction/injection parameter S.
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Figure 6b Skin-friction coefﬁcient f00(0) against permeability
parameter k1 for three values of suction/injection parameter S.
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Figure 6c Wall temperature h (0) against permeability parameter
k1 for three values of suction/injection parameter S.
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velocity is found to increase with blowing (Fig. 3a). It is ob-
served that, when the wall suction (S > 0) is considered, this
causes a decrease in the boundary layer thickness and the
velocity ﬁeld is reduced. S = 0 represents the case of non-por-
ous stretching sheet. Opposite behavior is noted for blowing
(S < 0). The physical explanation for such a behavior is that
while stronger blowing is provided, the heated ﬂuid is pushed
farther from the wall where due to less inﬂuence of the viscos-
ity, the ﬂow is accelerated. This effect acts to increase maxi-
mum velocity within the boundary layer. The same principle
operates but in reverse direction in case of suction. Fig. 3b rep-
resents the temperature proﬁles for variable suction/blowing
parameter S with variable surface heat ﬂux. It is seen that tem-
perature decreases with increasing suction whereas it increases
due to blowing (Fig. 3b). Actually, the effect of suction is to
make the velocity and temperature distribution more uniformwithin the boundary layer. Imposition of ﬂuid suction at the
surface has a tendency to reduce both the hydrodynamic and
thermal thickness of the boundary layer where viscous effects
dominate. This has the effect of reducing both the ﬂuid veloc-
ity and temperature. On the other hand, the thermal boundary
layer thickness increases with injection which causes a decrease
in the rate of heat transfer.
The inﬂuences of permeability parameter k1 in the absence
of suction (S = 0) on velocity and temperature are exhibited in
Figs. 4a and 4b respectively. It is obvious that the presence of a
porous medium causes higher restriction to the ﬂuid ﬂow
which, in turn, slows its motion. As a result of this, the shear
stress at the surface increases [41]. Therefore, with increasing
permeability parameter, the resistance to the ﬂuid motion also
increases. This causes the ﬂuid velocity to decrease (Fig. 4a)
and due to which there is rise in the temperature in the bound-
ary layer (Fig. 4b) which implies that Darcian body force
Heat transfer analysis for ﬂuid ﬂow over an exponentially stretching porous sheet with surface heat 109improves the heat transfer rate. It can thus be inferred that an
increase in permeability parameter decreases the boundary
layer thickness and consequently brings about an increase in
the heat transfer rate.
Figs. 4c and 4d show the effects of the permeability param-
eter on velocity and temperature proﬁles respectively in pres-
ence of suction. In presence of suction, ﬂuid velocity is
suppressed a bit more (compared to S = 0 case) with increas-
ing permeability parameter k1 (Fig. 4c). In this case, tempera-
ture is found to increase a little bit (Fig. 4d) due to combined
effect of suction and permeability parameter.
Fig. 5 depicts the effects of Prandtl number Pr on temper-
ature proﬁle. The temperature decreases with Pr in presence
of variable surface heat ﬂux. An increase in Prandtl number
reduces the thermal boundary layer thickness. Prandtl num-
ber signiﬁes the ratio of momentum diffusivity to thermal dif-
fusivity. In heat transfer problems, the Prandtl number Pr
controls the relative thickening of the momentum and ther-
mal boundary layers. When Prandtl number Pr is small, heat
diffuses quickly compared to the velocity (momentum), which
means that for liquid metals, the thickness of the thermal
boundary layer is much bigger than the momentum boundary
layer. Fluids with lower Prandtl number have higher thermal
conductivities (and thicker thermal boundary layer structures)
so that heat can diffuse from the sheet faster than for higher
Pr ﬂuids (thinner boundary layers). Hence Prandtl number
can be used to increase the rate of cooling in conducting
ﬂows [41].
Fig. 6a exhibits the nature of skin-friction coefﬁcient with
exponential parameter N for three values of suction/blowing
parameter S. It is found that skin-friction coefﬁcient [f00(0)]
increases with N and it is higher for suction than that of
blowing.
From this ﬁgure it is very clear that shear stress at the wall
is negative here. Physically, negative sign of f00(0) implies that
surface exerts a dragging force on the ﬂuid and positive sign
implies the opposite.
Fig. 6b displays the nature of skin-friction coefﬁcient
against the permeability parameter k1. Skin-friction coefﬁcient
[f00(0)] increases with increasing permeability parameter. The
increase of permeability parameter k1 leads to increase the
skin-friction. The permeability parameter k1 introduces an
additional shear stress on the boundary.
Wall temperature increases with permeability parameter k1
(Fig. 6c).5. Conclusions
The present study gives the numerical solutions for steady
boundary layer ﬂow and heat transfer over an exponentially
stretching surface in porous medium with variable surface heat
ﬂux. The main ﬁndings of this investigation can be summa-
rized as follows:
(i) The effect of suction parameter on a viscous incompress-
ible ﬂuid is to suppress the velocity ﬁeld which in turn
causes the enhancement of the skin-friction coefﬁcient.
(ii) Skin-friction coefﬁcient is higher for suction than that of
blowing.
(iii) Momentum and thermal boundary layer thickness
decrease with increasing N.(iv) The surface shear stress increases as the permeability
parameter increases.
(v) With increasing Pr, temperature decreases and an
increase in Prandtl number reduces the thermal bound-
ary layer thickness.Acknowledgement
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